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)P^ ■ Abstract 

We describe a general method, based on elementary considerations, to obtain the generating 
,^ ' functions of the characters of simple Lie algebras. We show how the method works by means 

of a few examples involving some low rank classical algebras. As an application, we compute 
1-^ [ several generating functions for the weight multiplicities of the irreducible representations of 

Cd ' these algebras. 
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(N 

T^t : 1 Description of the method 

o 

The characters of the irreducible representations of the simple Lie algebras are systems of orthogonal 
polynomials which enjoy many interesting properties and have a distinguised role in pure mathematics 
and mathematical physics \T\. Many features of orthogonal systems of this kind can be studied by 
means of their generating functions, defined as formal power series in some auxiliary variables whose 
c^_' coefficients give the polynomials entering in the system. In the case of the characters of a simple Lie 
algebra, the most usual approach for the computation of the generating functions is based on the 
Weyl character formula [21 [3] and requires, in consequence, to perform a sum over the elements of 
the Weyl group which is, in general, a rather cumbersome combinatorial task. While this strategy is 
powerful and can be used to establish formulas of great generahty, see for instance [H |5] , we feel that 
it would be also desirable to put forward an alternative approach which treats the problem in a more 
elementary fashion, being at the same time able to yield the generating functions of the characters 
of a particular algebra though a few simple steps. 

Thus, in this paper, we take this point of view and put the focus not on general abstract formulas 
but, instead, in a concrete and quite versatile algorithm which is suitable to be applied separately to 
each particular algebra. The possibility of such an algorithm comes from two facts. First, in the last 
few years it has been shown explicitly how the quantum theory of integrable systems, in particular 

1 



that of the Calogero-Sutherland model [6l [71 [HI [U [TO], can be used to compute the characters of 
the simple Lie algebras by identifying them with the eigenfunctions of the Hamiltonian for some 
particular values of the coupling constants, and several lists of characters obtained from this method 
are now available [HI |T21 US]- And, second, although the procedure that we are going to develop 
involves some long calculations, this is not a serious drawback, because they are quite straightforward 
and can be performed rather quickly by means of symbolic calculus languages like Mathematica or 
Maple, nowadays of common use. In this respect, we remark that, although we shall illustrate here 
the approach by applying it only to some low-rank algebras, the use of these programs turns the 
method useful also for higher rank ones. 

Let ^ be a simple Lie algebra of rank r with fundamental weights Ai, A2, . . . , A^ and let us denote 
Rx the irreducible representation of A with highest weight A = miAi + 1712X2 + ■ ■ ■ + rrirXr- The 
character of this representation is defined as 

Xmum2,...,mr=^ny,e{w) (1) 

w 

where the sum extends to all weights w entering in the representation, n^ is the mutiplicity of the 
weight w and, ii w = riiXi + n2X2 + ■ ■ ■ + n^, A,., then e{w) is 

e(zi;) = exp ii^ni^A = x^^^a' ■ ■ ■x^!'-, (2) 

where (/?i, (/?2, . . . , v'r are angular coordinates on the maximal torus and xi are complex phases, 
xi = e*"^'. In particular, we will denote the character of the representations R\^ for A; = 1, 2, . . . , r as 
Zk and we will write all the characters as polynomials in the r variables Zk- 
The generating function for the characters of A is the formal series 

oo oo oo 

G{tj]Zk)=2_^ 2^ ■ ■ ■ 2^ C^^™^ ■ ■ ■C''Xmi,m2,...,m^(^l5 2;2, • • • ,2;^) (3) 

m,i=0m2=0 m,r=0 

and we expect it to be a rational function [2], [3|, namely 

N{tj-Zk) 



G{tj] Zk) 



D{tj; Zk) 



where both the numerator N{tj; Zk) and the denominator D{tj; Zk) are polynomials in the t- variables 
with coefficients depending on the ^-variables. We now describe how to compute D{tj;zk) and 
N{tj; Zk) along four sucessive steps: 

1. The term t™H^^ • • ■t'!^''Xmi.m2....mr ^^ ^^^ generating function comes from the representation 
RmiXi+m2\2+-+mr\ry which is part of the tensor product R^_^ ® R^^ ® ■ ■ ■ R^J ■ This implies 
that the character of that representation includes a term of the form YYj=i e(wj)™'-' for each 
possible combination formed by picking up a weight Wj of each Rx . We can obtain all these 
products multiphed by t^'^t^^ ■ ■ ■ t]P"' if we multiply the geometric series ^^o(^j)^^(^)^ ^°^ ^^^ 



nonzero weights w entering in the representations of each Rx . Therefore, the denominator of 
the generating function has the general form 

D = Dix D2X ■■■X Dr, (4) 

with the factor Dj related to the fundamental representation Rx through the formula 

Dj=ll^l-t]eiw)) (5) 

w 

where n is the multiplicity oi w in Rx , and the product is extended to all non-zero weights 
of i?A • Expanding this product, one can write each Dj as a polynomial in tj with coefficients 
depending on the phases xi but, as the characters are invariant under Weyl reflections, so are 
the coefficients of these polynomials. As a consequence, they can be rewritten in terms of the 
Weyl invariant variables Zk- So, in this first step we compute each Dj by means of ([5]) and use 
([1]) and ([2]) to put it as a function of the z-variables. Finally, (jl]) yields D{tj; z^). 

2. In the second step we compute the generating function 

00 00 00 

F(ti, ^2, • • • , tr) = 2_^ Z_^ ■ ■ ■ Z_^ t™^t™^ ■ ■ ■ t™"" dim Rm^x-i_+m2\2+-+mr\r (6) 

mi=0m2=0 mr=0 

for the dimensions of the ireducible representations of the algebra A. This generating function 
is related to G{tj; Zk) through the replacement Zk — )■ dim Rx^, i.e. F{tj) = G{tj] dim RxJ, where 
we can compute the dimension of any desired representation by means of the Weyl formula. 
Let us write 

The denominator is known, Q{tj) = D{tj] dimRxf.), and for the numerator we will try an ansatz 
of the form 

dl d2 dr 

P{h, t2,...,tr) = Y,Y.---Y. ^l'^2' ■ ■ • trPh,l2,-,lr , (8) 

ll=0l2=0 lr=0 

where dj is the number of non-zero weights in Rx , Po,o,...,o = 1 and the remaining mumerical 
coefficientes Pi^,i2,...,ir are to be determined by comparing the Taylor expansion of (j7]) with the 
right member of ([S]). It will turn out that most of these coeffients are zero and the final form 
of F{tj) can be fixed after a few steps involving some very simple equations. 

3. In the third step we come back to the numerator N{tj\ Zk) through the ansatz 



N{tj] Zk) — 2_^ ^h,l2,..;lri^k)tit2 . . -t 

ll,l2,...,lr 



It 

r ' 



where we include only the terms corresponding to the non- vanishing pi-^^i^,...,!^ coefficients. Often, 
we can guess some of the Ci-^^i2^...,i^{zk) directly from the numerical value of the coefficient 
Pii,i2,...,ir- For the others, we will have to write explicitly some low order terms of the right 
member of ([3]) and compare them with the Taylor expansion of G{tj; Zk). Once this is done, 
we have a tentative expression for G{tj\ Zk). 



4. The remaining step is to check that our tentative generating function is indeed correct. To this 
end, we recall that the Schrodinger equation for the Calogero- erland model related to the Lie 
algebra A leads, for some specific values of the coupling constants, to an eigenvalue problem 
of the form 

'-^z^mi,m2,...,mr v^fcj ^l^"''!! "''l ) • • • ) ''''r )^mi,m2,...,mr \'^k) 

where A^ is a second order differential operator in the variables Zk, the eigenvalues are given 
by a known expression involving the inner product in the weight-space of the algebra and the 
egenfunctions are precisely the characters of A, 

'^mi,m2,...,mr\^k) = Xmi,m2,...,mr\^k) , 

see the references [TOl [HI [121 [13] for the details. So, due to the definition ([3]), the generating 
function for characters is a solution of the differential equation 

(At - A,)G{tf, Zk) = , (9) 

with At being the differential operator 

At = e{tidt,,t2dt2,...,Udt^). 

By verifying that our tentative expression satisfies ([9]), we can finally prove that it gives correctly 
the generating function we are looking for. 

2 Some examples 

Let us now apply the method described in the previous section to some Lie algebras in order to 
appreciate how it works. We will work out the cases of the simple classical Lie algebras up to rank 
two, i.e. Ai = Bi = Ci = Di, A2 and C2 — B2, since D2 — A1® Ai is semisimple. 

2.1 The generating function for the algebra Ai 

This is the simplest case. The algebra has only a fundamental weight Ai and the fundamental 
representation Rx^ has weights {Ai, — Ai}. Thus, the character zi is 

z^ = e^^i + e-'^P' =xi + — (10) 

Xi 

The generating functions for characters and dimensions are 

00 00 

G{h-z,) = J2 trXmM)^ F{h) = J2 Cdimi?^,. 

mi=0 mi=0 

Let us now apply our four-step method. As there only a weight, the denominator D{ti; Zi) is simply 
D{ti;zi) = Di with 

Di = {l- tixi){l - ti — ) = 1 - tizi + tl . 

Xi 



Now, as the dimension of Ri is two, the denominator of the generating function for dimensions is 
Q{ti) = D(ti;2) = (1 — ti)^. For the numerator, we try the ansatz P(ti) = 1 + piti +^2^1- The 
Weyl formula for dimensions gives dim Rmi = frii + 1 and comparing this ansatz with the first few 
terms of the series F{ti), one readily finds that Pi = P2 = 0. Therefore 



[1-tr 

Given the form of F{ti), our ansatz for the numerator for generating function for characters is 

N{t,■z^) = Co{z,) 

but, given that do = 1, the only sensible guess is Co{zi) = 1 and the tentative expression for the 
generating function is 

Gft;^.) = r37;i^- (11) 

It remains to confirm that this is correct. For that, we resort to the Calogero-Sutherland theory 
related to the algebra Ai (see for example |I14|), which leads to the differential operator 

with eigenvalues given by 

e{mi) = ml + 2mi. 

Thus, the operator Aj is Aj = tldt^ + 3tidt^ and one can check that 

1 

1 - ti"7i + q 

as it should be. Therefore (TTT]) gives correctly the generating function for the characters of Ai. 



(Ai-A,)^ __^ = 0, 



2.2 The generating function for the algebra A2 

In this case there are two fundamental weights Ai, A2, and the fundamental representations i?Ai and 
i?A2 have, respectively, weights {Ai, A2 — Ai, — A2} and {A2, Ai — A2, — Ai}. Therefore, the characters 
Zi and Z2 are 

z^ = e"^' + e-'^' + e'(^2-vi) = ^^ ^ L + ^ (12) 

X2 Xi 

Z2 = e^^2 + e-*^^ + e^(^^-^2) = X2 + — + — . (13) 

Xi X2 

The generating functions to be computed are 

00 00 

G{hM;Zl,Z2) = 5^ 5^CtrXr„„„..(^l,^2) (14) 



mi=0 m2=0 

00 00 



F{h,t2) = 5^ 5^ CC dim /?„,,„, (15) 

mi=0 1712=0 



and we follow the same steps than before. The denominator of the generating function for characters 
is D(ti, ^2; -21, Z2) = Di X D2 where 

D, = {1 - tiXi){l - ti — ){l - ti — ) = 1 - hzi + tlz2 - 4 

X2 Xi 

D2 = {l-t2X2){l-t2 — ){l-t2 — ) = l-t2Z2 + tlzi-tl 

Xi X2 

Since both Rx^ and Rx^ have dimension three, the denominator of the generating function for di- 
mensions is Q{ti,t2) = D(ti, t2; 3, 3) = (1 — ti)^(l — ^2)^. For the numerator, we try the ansatz 



3 3 

L=Olo=0 



P(tl,t2) = J]J]p;i,Z,4^t'2 



and, using that dim. Rmi,m2 = |("^i + l)(w,2 + l)("^i + m2 + 2) to compare with the right member 
of ( ITSl) . we find that the only nonvanishing coefficients are po,o = ^Pi,! = 1- Thus, the generating 
function for dimensions is 

i — tlt2 

'^^'''''^ = {i-mi-t2r 

In view of that, the ansatz for the numerator for the generating function for characters is 

N{ti,t2;Zi,Z2) = Cofi{Zi,Z2) +Ci^i{Zi,Z2)tit2 

and the reasonable guess is Co,o(-2i, -22) = —Ci^i{zi, Z2) = 1. One can confirm that this guess is correct 
by comparing the ansatz with the right member of ( TT^ : to do so, the only characters needed 

Xl,oiZuZ2) = Zi, Xo,l(2^1' ^2) = Z2, Xl,l(2;i, Z2) = Z1Z2 - 1 

. Therefore, the tentative form of the generating function is 

^^'^' '^' "^' ''^ = {l-t,Z, + tlz2-tl)il-t2Z2 + tlz,-tiy ^^^^ 

Now, the second order differential operator associated to the Calogero-Sutherland model for the 
algebra A2 whose eigenfunctions are the characters is [HI |12] 

A, = {zf - 3z2)dl + (zl - 3z,)dl + iz,Z2 - 9)d,A2 + 4^i<9., + 4z2<9,, 

and their eigenvalues are 

£(mi, 771,2) = iTT'i + 1^2 + 'niim2 + 3mi + 3m2. 

Thus, the operator A^ is A^ = tld"^^ + t^d"^^ + tit2dt^dt2 + ^tidt^ + 4t2<9t2. One can check that, in fact, 

^ * ''{l-hZi+tlz2-tl){l-t2Z2 + tlz^-tl) 

SO that fll6p is the correct generating function for the characters of A2. 



2.3 The generating function for the algebra C2 

Again, there are two weights, but now the weights in fundamental representations -Rai and R\^ are, 
respectively, {Ai, — Ai, Ai — A2, A2 — Ai} and {0, A2, — A2, 2Ai — A2, — 2Ai + A2}. Thus, the characters 
Zi and Z2 are 

-1 

X\ X2 X\ 

^2 = l + e^^2 + e-*^2+e*(2^^-^2)+e*(^2"2'^i) = l+a;2 + — + — + ^. (18) 

X2 X2 x^ 

The denominator of the generating function for characters is D{ti,t2', -21,^2) = Di x D2 with 

Di = (l-tixi)(l-ti— )(l-ti— )(l-ti— ) = l-ti2l+t?(22 + l)-t?2l+tf 

Xi X2 Xi 

D2 = (1 - t2a:2)(l - t2 — )(1 - t2^)(l - t2^) = 1 - t2iz2 " 1) + tjizf - 2^2) " 4{z2 " 1) + 4, 

X2 X2 Xi 

while the denominator of the generating function for dimensions is 

Q(ti, t2) = D{t,,t2; 4, 5) = (1 - h)\l - t2)\ 
For the numerator, we try the ansatz 



4 4 

h 
2 



P(tl,t2) = 5^5^Pi„,,t^ 
il=0«2=0 



and, by means of dimi?mi,m2 = |("^i + 1)("^2 + l)(^i + ?Ti2 + 2)(mi + 2m2 + 3), we find that the 
only nonvanishing coefficients are joq.o = Po,i = P2,i = ^2,2 = 1 and pi^i = —4. Thus 



;i + t2)(i + t2t2)-4tit 
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Given this result, the ansatz for the numerator of the generating function for characters is 

N(ti,t2; Zi, Z2) = Co,o{Zk) + Co,l{Zk)t2 + Cl, 1(2^)^1^2 + Ci^2{Zk)titl + C2,2{Zk)t\tl 

and the reasonable guess is Cq^ = Co,i = 6*2,1 = 6*2,2 = 1 and Ci^i = —Zi. Again, one can check that 
this guess is accurate by comparing with the explicit series of characters: the only characters needed 
are Xi,0) Xo,ii Xi,ii X2,i and X2,25 which are given in the Appendix. Therefore the tentative form of 
the generating function is 



1 + t2 - Zitit2 + tlt2 + tjtl 
;i - (ti + tl)zi + tl{z2 + 1) + tf){l - {t2 + tl){z2 - 1) + tlizf - 2Z2) + 4) 



ra +.. .\- x^..2-^lH'-2^^l'-2^n^2 /.QN 

'^{tl,l2-,Zi,Z2) — Y-, u , ^3\„ nir.. , i\ I ^4\/i 77 , ^3x/., 1^ , ,2/ 2 n .. \ , j-4\ ' y^^) 



Now we need the Calogero-Sutherland differential operator for C2, which is shown in the Appendix 
to be 

A, = {zl - 2z2 - Q)dl + (2^2 _ Azf + 4^2 - 6)^ + {2ziZ2 - I0z,)d,^d,, + 5z,d,^ + Az2d,,. 



Since their eigenvalues are 

£(?77,i, 771,2) = ^1 + 2r?7,2 + 2mim2 + 4?77,i + 6m2, 

we see that the operator A^ is A^ = tld'f_^ + 2tld'f^ + 2tit2(?tiC?t2 + ^tidt^ + 8t2<9t2- We now can check 
that 

/ A _ A N 1 + ^2 — ^ltit2 + t]^t2 + tit2 _ 

^ *" '' (1 - (ti + t?)zi + t2(^2 + 1) + tf)il - {h + ti)(;.2 - 1) + tl{zl - 2^2) + 4) ~ 
and this proves that flTOl) is the correct generating function for the characters of C2. 

2.4 Generating functions for some subsets of characters 

If in the previous examples for A2 and C2 we take ti = or ^2 = 0, we obtain the generating function 
for the characters of the form Xmi o(-^ii -2^2) or Xq m2 (^i' ^2) of these algebras. It is also possible to use 
the method that we have been describing to compute the generating function of some other subsets 
of characters. Let us, for instance, consider the case of the diagonal characters of A2 and seek for 
their generating function 

CXD 

Gdiagit] Zi, Z2) = 2_^ i"'Xm,mi^lj^2)- 
m=0 

Now, according to the reasoning of Sect.l, the denominator should be a product including all factors of 
the form (1— t e{wi)e{w2)) for all couples of nonzero weights Wi and W2 entering in the representations 
i?Ai and i?A2 of ^2. This gives 

Ddiag{t;zi,Z2) = 1 + 1^ + (3 - ^i^a) (^ + t^) + (6 + z^* - S^i^a + 4) (^^ + ^^) + (7 + 2%^ -6,^1^2 - ^1 ^2 +24)^^- 

From this, we can find easily the generating function for the dimensions of the diagonal characters, 

which is 

_ 1 + 2t - 6t^ + 2t^ + t^ 

rdiag{t) - ,^ _^.g 

Thus, we try the ansatz 

4 
Ndiagit] Zi, Z2) = ^ Ci{Zi, Z2)t^ 
1=0 

for the numerator, and using the explicit form of the characters Xmmi^i^ ^2) for m = to 4, we 
arrive to a tentative form of Gdiag{t', zi, 22) as 

J^diag[h Zi, Z2) 

For this subset of characters, the operator A^ takes the form A^ = St'^df + 9tdt and one can check 
that (A( — Az)Gdiagit', zi, Z2) = 0. Thus, (120!) gives in fact the correct generating function. 



The same procedure applied to C2 gives the generating function of diagonal characters of that 
algebra. The result is 

^diag[t', Zi, Z2) - 



l + t^-{t + f)di + (t2 + t^)d2 + (t^ + ^5)4 + t^di 



where 



di = zi{-3 + Z2) 

d2 = -l + z^ + zl{3-6z2) + Z2 + 3zl + z^ 

ds = zi{-3 + 2z^ - 2z2 + 8zl + 3zl - zf{-2 + 9z2 + zj)) 

di = zl + zti4:-6z2) + zl{-5-6z2 + 5zi) + Z2{-2 + 3z2 + 4:zl + zl). 

3 Some applications on weight multiplicities 

The issue of the multiplicities of the weights entering in the irreducible representations of the simple 
Lie groups has been a subject of much research along the years [15]. In this section, we shall show 
how the above results can be used to obtain some generating functions for multiplicities in a very 
simple way. First, we describe the main points of the calculations by focusing in the case of zero 
weight multiplicities. Then, we give some other more general results for the case of the algebra C2. 

3.1 Generating function for zero weight multiplicities 

The multiplicity nmi,-m2,...,mr {Pi^P2, ■ ■ ■ , Pr) of the weight piAi +P2^2 + • • ■+PrK in the representation 
Rmi\i+m2\2+-+mr\r of the Lie algebra A can be computed as 



nm,,m,,...,mr{0, 0, . . . , 0) = (^\ j ^ dif^C-'^^^^ j ^ d^2e-'^'^' ... j^ d^rC-'^^^^^Xn 



7T-] (p dxi (p dx2 . . . <p dxr i+p^7C'"""'''i+.. ; (21) 

1 ^2 



27rzJ J ^^\T -'■■■J ^-^W^^^ xl-"^' ■ ■ ■ xl^^^ ' 



here the integrals in the second line are along the unit circles on the r complex planes parametrized 
by the complex coordinates Xi, X2, . . . , x,.. Then, in particular, the generating function for zero weight 
multiplicities 



oo oo oo 



^0,0,...,o(^l) ^2, . . . , tj.) — 2_^ 2-^ ' ' ' Z-^ ^1 ^^2 ^ ■ ■ ■ ^r'^''^mi,m2,...,m^(0, 0, . . . , 0) 

mi=0m2=0 mr=0 

comes from the formula 

Aofi,...fi{ti, t2, . . . ,tr) = \ -—.] i dXi (j) dX2 . . . i dXr 



2Tli I J J J XiX2---x. 



^r 



which can be evaluated by means of the Cauchy's residue theorem. Let us see the results for the 
particular algebras that we have studied in the previous section. 
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3.1.1 The case of Ai 

In this case, from ( jTOj) and (TTT]) . we have to compute 

2m J xi{l — tiZi + tf) 2Tn 



Xi 



(ti - Xi){tiXi - 1)' 



The convergence of the series requires t\ < 1, while on the integration countour |a;i| = 1. So, the only 
pole of the integrand in the interior of the integration contour is a simple one at xi = ti. Therefore 



Ao(ti) = Res^^^t^ 



X\ 



_{ti - Xi){tiXi - 1) 



1 



1-tr 



This is as it should be: the zero weight enter with multiplicity one in the representations RmiXi with 
mi even and does not appear in the represntations with mi odd. 

3.1.2 The case of ^2 

Now, we have to compute 

A f, ,-, ( ^Y Ia I a G{ti,t2;Zi,Z2) 
Ao,o{ti,t2) = [y~ ) f dxi (b dx2 

where, from (iT2l) . ( IT3l) and ( IT6ll . the integrand is given by 

G{ti,t2;Zi,Z2) {l-tit2)XiX2 



X1X2 



{h - Xi){tiXi - l)(ti - X2)(t2Xi - X2)(tiX2 - Xi){t2X2 - 1) ' 



We perform the xi integral first. As |xi| = \x2\ = 1 and ti,t2 < 1, there are poles inside the unit 
circle for xi = ^2 and xi = tiX2- Thus 



Ji{ti,t2,X2) = 7r~ f ^^1 ^' = {Res^.,^t2 + Res^.^tixi} 

2m J X1X2 

_ {l + tit2)x2 

(tl - X2){tl - X2){tlx2 - l){t2X2 - 1) ' 



G{ti,t2', Zi, Z2) 

X1X2 



As Ji(ti,t2,X2) has poles inside the X2 unit circle at X2 = ti and X2 = t"^, we finally obtain the 
generating function for zero weight multiplicities as 

^0,0(^1,^2) = Y~- f dx2Ji{ti,t2,X2) = JRes^jj^i, +Res3,2->t2| Ji(ti, ^2,2:2) 

1 - ti4 



(l-t3)(l-M2)2(l-ti) 
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3.1.3 The case of Ca 

For the Lie algebra C2, according to (TT7|) . (flSll and (fT9|) the integrand takes the form 

X^X2((1 + ^2)2:1X2 + tit2(l + t2)XiX2 - tit2(l + X2)(Xi + 2:2)) 
(Xi - tl)(ti2;i - l)(ti2;i - X2){t2xl - X2)(X2 - t2){Xi - ti2;2)(xf - t2X2){t2X2 - 1) ' 

The X2 coordinate has poles with |x2| < 1 at X2 = ^2, X2 = hxi and X2 = t2x\. Applying the residue 
theorem, we find 

J / , , N ^ I J G{ti,t2; zi, Z2) 

J2[tl,t2,Xi) = -— <P dX2 



2ni J a; 1X2 

Xi(-(1 + tl)xi + tl{t2 + tl)xi + ti(-l + t2)t2(l + Xl) 
{tj - l){t2 - l)(ti - Xi){t2 - Xi){t2 + Xi){tiXi - l){tlxl - 1) ■ 

The poles of J2{ti:t2-,xi) into the xi unit circle are located at xi = ti and xi = ±t2. Thus, the final 
result is 



m 



Ao,o{h,t2) = ^JdxMt,,t2,x,) = ^^-^^^^^^ 

3.2 Some further results on weight multiphcities for C2 

Let us now specialize to the case of the algebra C2 to study some other properties of the multiplicities 
of the weights entering in its irreducible representations. It will prove convenient to introduce a new 
generating function H{ti,t2]yi,y2) defined as 



00 00 00 00 



Hih, t2; yu 2/2) = XU] ZlZl ^m("^' ^)yTy2tit 

m=0 n=0 p=0 q=0 



where npg{m,n) is the multiplicity of the weight mXi + 11X2 in the representation Rpx^^qx^. From 
(1^ . one can compute H{ti, t2]yi, 2/2) as a geometric series, 

G[ti, t2] Zi, Z2) 



H{ti,t2;yi,y2) = i — j (b dxi (b dx2-. — - 



yi){x2-y2)' 

and using flT9|) this gives 

TT(. f \^ g + biyi + h2y2 + Ci^2yiy2 + dyl + ey^j/2 .^^^ 

^" "^''^'^ {l-tlY{l-tl){l-t2){l-hyi){l-tlyl){l-tly2){l-t2y2) ^ ^ 



where 



a = l + tlt2, 61 =tit2(l-ti), b2 = -ht2itl + tit2), 

Cl,2 = tit2(tt-t?), ^=-^2^2(1+^2), e = tltl{tl + tlt2+tl-l). 
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Now, we can rewrite H{ti, ^2; yi, ^2) as a series in the variables yi and 2/2 

H{ti,t2;yi,y2) = ^ ^ A^,„(ti,t2)yr?/2 

m=0 ji=0 

such that the coefficient 

00 00 

-4m,n(^i,t2) = ^'^np^q{m,n)t^tl (23) 

is the generating function for the multiphcities of the weight mXi + nX2 in all the irreducible rep- 
resentations of C2. From fl22]) . and after some tedious algebra, one can obtain the explicit form of 
these generating functions as 



^m.ral^l) t\ 



2) 



{l-tlY{l-tl){l-hm-tl){tl-t2) 

with 

r,, L \ _ { (ti + ^2) for m even 
nti,t2)- I ^i+t2) for m odd 

thus generalizing the result for zero-weight multiplicities seen in the previous subsection. 

In particular, one can use these expressions to write two recurrence relations among the mul- 
tiplicities of the weights. The first one is a recurrence relation among the multiplicities of a fixed 
weight mAi + 11X2 in different representations. Let us call Xm,n(^i,^2) = (1 ~ ^i)(l ~ t2)Am,n{ti,t2)- 
From the definition of Am^n{ti,t2), one has 



00 00 



Xm,niti^ ^2) = ^ ^ [np,q{m, Ti) - np_2,q{m, n) - np,g_i(m, n) + np-2,q+i{m, n)] t^t 

p=0 5=0 



while the explicit expressions given above yield 



Xm,n{tl, ^2) 



1 - ti) ES tr'"-'^4 + (1 - ti) (1 + 12) E7=o tf tr"-'^ - 1\ 



^~ +2j,m+n-2j ,m+n+l 



■-2 



(l-tf)(l-ti) 



4.24^m+n+l I jm+n+2 



(l-tf)(l-ti 

for m even and 



i2\ Y^n-1 ,m+2n-2j,j 



Xm,n{tl, ^2) 



1 - ^^) e;=o c""^^4 +tiii- mi + 12) (1 + 12) EA trt2''''' + tit 



-3— ,2j ,m+n-l-2j rm-li 



;i-t?)(i-ti) 



1 + t2)tlC+"+' 



V . ^2)^1^2 



;i-t?)(i-ti) 



for m odd. Let us consider the formula for m even and compare it with the diagram of Fig. 1, which 
shows all representations Rpx^+qx^ with nonzero multiplicity for the weight mXi + nX2. The first 
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term in Xm,n{ti,t2) can be expanded as a geometric series which contains, always with coefficient 
equal to one, all the products t^tl for p and q corresponding to points in the diagonals beginning in 
the segment AB. In a similar way, the second term in Xm,n(ti,t2) gives all such products for the 
points in the diagonals normal to the line from (m, n) to C, the third corresponds to the diagonals 
beginning in D', E\ F', . . ., etc, and the fourth to the diagonals from D,E,F, . . . etc. From this and 
an analogous analysis for m odd, we can finally conclude that 

Hp^gim, n) - np_2,g{m, n) - rap,g_i(m, n) + np_2,q+i("^, n) = yp,g{m, n) (24) 

where yp^q{m, n) = 1 if (p, q) labels a irreducible representations of C2 containing the weight mAi+nA2 
(except for m even, p = and q of opposite parity to n which gives yp,q{m, n) = 0) and yp^q{m, n) = 
if the weight mAi + ?7,A2 is not in Rp\^j^q\^. 

There is a second recurrence relation, this time among the multiplicities of weights of the same 
representation. From the previous expressions of Am,n{ti,t2)i one can obtain 

Rm,n{tl,t2) = Am,n{tl,t2) — ^m+2,n(^l , ^2) ~ Am,n+l{tl,t2) + ^m+2,n+l (^1, ^2) (25) 



as 



2 ^ ,m+n+l 



1 1 ^ 

,n[^l,t2) - Y r^ ^^2 + ^^ ^ / ,hh 



2—0 '-''—0 (l-i?)(l-t2) 



for m even and 



m 3 



1 "■ .22 , ,m+n+l 



D /'+ + N _ ^ \^ ,m+2n-2j,j , ^ \^ ,2j+l ,m+n-l-2j ''l'-2 
«m,nlri, t2j — -— — 2_^ti ^2 + / . '^l ^^2 



2-0 -^^^ (l-t?)(l-t2) 

for m odd. Expanding the denominators as geometric series and using 023p . one finds that in both 
cases 

rip,g(m, n) - np^q{m + 2, n) - np^q{m, n + 1) + np^q{m + 2, n + 1) = ep^g{m, n) (26) 

where the right-hand member is a sum of three terms, ep^q{m, n) = X + Y — Z, which are zero except 
for the cases 

X = 1 when m < p and p<'m + 2n<p + 2q 
Y = 1 when m > p + 2 and m + n < p + q 
Z = 1 when m + n < q — 1. 
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Figure 1. The highest weights (modulo Weyl reflections) corresponding to representations containing the weight 
toAi + nX2. Here, Ai is diagonal of magnitude one and A2 is vertical of magnitude \/2. 



1 do not occur at the same time, 



ep^q[m,n) 



is always 1, or —1. To 



As X = 1 and y 

describe the domains Dl, DO and D{—1) in which ep^q{m.,n) takes these values, let us consider the 
weight diagram of the representation pXi + qX2 using now Cartesian coordinates (x, y) (with x = m, 
y = m + 2n) instead of the m and n labels of the weights. The weights entering in the diagram form 
a square lattice with a spacing of one unit which includes the highest weight of the representation 
and is contained in the polygon of vertices {0,p + 2g), {p,p + 2g), (p + q,p + q) and (0,0). If we 
call Rx, Ry and Rz the regions of the diagram in which, respectively, X = 1, Y = 1 and Z = 1 it 
follows that: 

• li2q-2 <p, RxURy does not intersect Rz- Thus, Dl = RxURy, D{-1) = Rz, and DO the 
remaining weights. So, in this case Dl is the upper region of the diagram, starting from the 
horizontal line y = p, DO is the area below that line and above the diagonal y = 2q — 2 — x, 
and D{—1) includes that diagonal and the weights below it, see fig. 2. 

• li p < 2q — 2 < 2p the intersection Rx n Rz is the (possibly degenerate) triangle T of vertices 
(0,2g-2), (0,p) and {2q-2-p,p). In this case Dl = RxURy-T, D{-1) = Rz-T, and 
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Figure 2. The weights of the representation -R10A1+5A2 i^i the domains _D1, DO and I?(— 1) are marked, respectively, 
with black dots, circles and encircled black dots. The region RxURy has perimeter ABODE A, while Rz is contained 
in FGOF. The number over a weight means its multiplicity. 

Figure 3. Weights of the representation _Rioai+9A2- The region Rx U Ry is bounded by AFBCDEGA, Rz is into 
FGHOAF and the triangle T is FGAF. 

DO the remaining weights. Now, as one can see in fig. 3, some weights above y = p located 
near the y axis are in DO instead of in Dl. 

• If 2g — 2 > 2j9the intersection (i?xUi?y)ni?z is the cuadrilateral Kof vertices (0,jo), (0,2g — 2), 
(g— 1, g — 1) and {p,p). Therefore Dl = RxURy — C, D{ — 1) = Rz — C, and DO the remaining 
weights, see fig. 4. 
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Figure 4. Weights of the representation R^x-^^iqx^- The region Rx U Ry is bounded by AFBCDGEAF, Rz is into 
FGEOAF and the cuadrilateral K is FGEAF. 

Figure 5. The multiphcity of m\i + riA2 in the representation Rp\-^^q\^ is given by the number of weights marked 
with a square. By parity, the weight signaled with X is excluded. 

These recurrence relations provide useful information on the multiplicities and, in fact, can be 
used to devise some simple rules to compute the multiplicity of any desired weight on a given 
representation. As an example, let us take the case of m even and consider a situation with (m, n) 
and (jo, q) as given in the figure 5. We can write the first recurrence relation as 

np^g{m,n) - np,g_i(m, n) =yp^g{m,n) + np^2,qi'm,n) - np_2,q-i{m,n) 

and iterating we find 

np^g{m,n) = yp^g{m,n) + yp_2,q{m,n) -\ \- y2,g{m,n) + yo,q{m,n) 

+ yp^g-i{m,n) + yp-2,q-i{m,n) H \- y2,q^i{m,n) + yo,q-i{m,n) 

+ yp,q-2{m, n) + yp^2,q^2{m, n) H h y2,q-2{'m, n) + yo,g-2im, n) H 



so that finally 



np^g{m,n) = ^i/^(m,n) 
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where the sum is over to the set R of weights marked in the figure. Thus, np^q{m, n) can be obtained 
by simply counting the number of poits in R except those in the vertical axis with opposite parity 
of q and n, which have y^{'m,n) = 0. This rule can be used to obtain some explicit formulae. For 
instance, for the case p and q even and g < |, one finds that the multiplicities of the weights on 
borders of the diagram are given by 



and 



np,q{p + q-2s,0) = {s + lY 






for < s < 1 


np,,{p-2s,0) = i^ + lf + s{q 


+ 1) 




for < s < ^ ~ ^ 


np,,(2s,0)=np,,(0,0)-s2 






for < s < 1 

Zi 


Wo.|.,-.)^'^"t^'' 






for < s < g 


Wo.f-.)^''- + t'''+^ 


{<! + 


1) 


for < s < ^ - g 


np,g{0, s) - np,g(0, s + l) = s + l- 


-e{s 


+ 1) 


for < s < g - 1 



where ^(r) is one (zero) for r even (odd). One can then use (l26l) to compute the multiplicities of the 
inner weights. 

Appendix 

In this Appendix, we present the Calogero-Sutherland differential operator whose eigenfunctions are 
the characters of the algebra C2 and give a short collection of characters of C^ which includes those 
needed to fix the numerator of the generating function G{t\, ^2; 2^1, -22)- For a more detailed account of 
the use of the quantum Calogero-Sutherland models to deal with the characters or other generalized 
orthogonal polynomials related to Lie algebras, see [13] and references therein. 
The general form of the differential operator we are looking for is 

A^ = ax,Q{zx,Z2)d\ + 00,1(2:1, ^2)5^2 ^ax^\{zi,Z2)d^^d^^ + f'i( 2^1, 22)^21 + ^2(21, 2:2)522 

and we will fix the coefficients using that the character Xm^ m2 ^^ ^^^ irreducible representation of 
C2 with highest weight A = miAi + m2A2 is an eigenfunction of the Schrodinger equation 

^zXm^,m2 = £("^l'"^2)Xmi,m2 

with eigenvalue 

£(mi,m2) = (A, A) + 2(A,p), 

where (■,■) is the scalar product in the space spanned by the orthonormal basis {61,62}, the two 
fundamental weights of C2 are represented in this basis by 

Ai = 61, A2 = ei + 62, 
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the four positive roots are 

«! = 61-62, a2 = 262, as = ei + 62, a4 = 2ei, 

and p = Ai + A2 is the Weyl vector of the algebra [HI [T?j, so that 

8(1711,1712) = 7n\ + 27n\ + 2mim2 + 4mi + 6m2. 
On the other hand, given that 



Xi,o(^i> 


Z2) — Zi 


Xo,i(^i> 


Z2) ^ ^2 ) 


itations of C2 


ISIE 


'1,0® ^1,0 = 


-^2,0 + Ro,l + -^0,0 


'1,0 ® ^0,1 = 


-Ri,i + Rifl 


:o,i®i?o,i = 


Ro,2 + -^2,0 + Ro,0 



allow us to solve for 

X2,o(2^1'^2) = ^1-^2-1 

Xl, 1(2^1, 2:2) = Z1Z2-Z1 
I \ 2 2 I 

Xo,2l2;ii 2:2; — ^2 ~ ^1 + ba- 
llsing all these characters in the Schrodinger equation one finds 

01,0(^1,^2) = 2^1 -222 -6 

ao,i(-2i,-Z2) = 2zl - Azl + Az2 - Q 

ai,i(-2i,2;2) = 2ziZ2-l0zi 

bi{zi,Z2) = 5zi 

b{Zi,Z2) = 4:Z2. 

Once the operator A^ is known, other characters of C2 can be computed by solving the Schrodinger 
equation or by expansion of generating function (19). We give here a few of them: 

XoA^u^i) = -1 + zl - 2zlz2 + 2zl + zl 

Xl,2(2;i,^2) = Zi-zf + Zizj 

X2Aizi, Z2) = 1- zl- Z2 + Z\Z2 - z\ 



I \ 2,4 n ,2 o22io3i4 

X0,4(2^1, ^2) = ^2^1 + 2^1 - 22:2 + 2:2 - 82:12:2 + 82:3 + Z2 



X3,o(2^1> ^2) = -2:1 ^ z\- 2ZiZ2 

Xi,3(2^i, ^2) = -22:1 + 22:^ - 22:^22 + 2:12:3 + 2:12:2 

X2,2(^l) ^2) = 22:1 — Z]^ + Z1Z2 — 2Z2 + Z^Z2 — Z2 
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X3,i(2^i' ^2) = 22:1 - Z^+ Z^Z2- 2ZxZ^ 

X4,o(2^1> ^2) = -z\ + 2^1 + 22:2 - 82:1 22 + A 

Xo,5(2l, 22) = 32^ - 2z\ - 222 + 32^22 - 32^ - 322^2 ^ 3^3 _ 4^2 ^3 ^ 4^4 ^ ^5 

Xi,4(-2i, -22) = 22i - 32^ \z\- 2ziZ2 + 22:^22 - 32^2:2 + 22:1 2^ + 2;i2^ 

X2,3(^l> ^2) = 1 - 4:ZI + 2zf + 2Z2 + Z\Z2 - 2Z\Z2 - Zl + 3222:2^ - 'izl + 2^22^ - z\ 
X3 2(^1) ^2) = ~^\ + 2^]^ — 2]^ + 22]^ ^2 — 221^2 + 2;]^22 ~ 2^122 

X4,i(-2i, -22) = -1 + 22;^ - 2^ - 2:2 + 2;i2;2 + 2^2:2 + 22:2 - 32^2:2 + z\ 
X5,o(2^i5^2) = -2i -2:1 +2:1 +42;i 22 -42;i 22 + 3212:2 

Xq,IoK^\i -22) = 1 — 32;^ + 32;^ — -Z^ + 62^2:2 — 32:^22 — 62:2 + 62^22 — 322 — 82^22 + 62:2 — 52^22 
+ 52^ + 2^2 

Xi,5(2i, Z2) = -2zi + 625* - 3zl - 2zfz2 + 3zlz2 - Szizl + z^zl - Azfzl + 3212:2 + 212;^ 

X2,4(2;i,'22) = -1+42;^ -42;^ + 2^ + 222 -32:^22 + 2:^22 + 32^ + 321^2;^ -32:^2^ -32^ 

+ 5zfzl - 4z^ + zlz^ - zl 

X3_3(2i, 2:2) = 22i - 525* + 22^ + 42i2;2 - 25^22 - 22^2:2 + 52:5' 22 - 42i2^ + zfz^ - 2Zxz\ 
X4,2(^l) ^2) = ^^\ "I" 2^1 — Z^— Z2 — SZiZ2 + 3^122 + ^2 — 3^1 22 + Z1Z2 + 3^2 "~ 3^122 + Z2 

X5,i{zi,Z2) = -zi + 2zf-zl-5ziZ2 + 2zlz2 + zlz2 + 3zizl-4:zfz^ + 3zizl 

X6,o(-2l! -^2) = 1 - 22;^ - 2^ + 2;^ - 22 + 62^2:2 - 52^2:2 - 32:2 + 62:^22 - 2:2 
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